Polymer composites are ideal candidates for next generation biomimetic soft materials because of their exquisite bottom-up designability. However, the richness of behaviours comes at a price: the need for precise and extensive characterisation of material properties over a highly-dimensional parameter space, as well as a quantitative understanding of the physical principles underlying desirable features. Here we couple large-scale Molecular Dynamics simulations with optical tweezers microrheology to characterise the viscoelastic response of DNA-actin composites. We discover that the previously observed non-monotonic stress-stiffening of these composites is robust, yet tunable, in a broad range of the parameter space that spans two orders of magnitude in DNA length. Importantly, we discover that the most pronounced stiffening is achieved when the species are maximally coupled, i.e. have similar number of entanglements, and not when the number of entanglements per DNA chain is largest. We further report novel dynamical oscillations of the microstructure of the composites, alternating between mixed and bundled phases, opening the door to future investigations. The generic nature of our system renders our results applicable to the behaviour of a broad class of polymer composites.
INTRODUCTION
Composite systems of polymer species with distinct physical and/or chemical properties are emerging as promising candidates for next generation multifunctional materials due to the ease and breadth in which their material properties can be finely tuned by the properties of the constituents [1, 2] . Composites or polymer mixtures have been shown to display emergent mechanical and rheological properties that are not a simple superposition of the corresponding single-component systems but strongly depend on, e.g., entropic or enthalpic interaction between the species [3, 4] , their softness [5] , or topology [6] . In fact, these behaviours are often completely unexpected given the starting materials [7] [8] [9] and include nonlinear stress-stiffening [10] [11] [12] , asymmetric caging in soft colloidal glasses [5] , negative normal stress [13, 14] , and strength with simultaneous lack of brittleness [2] . While we have only recently begun to appreciate the physics underlying the emergent material properties of polymer composites, nature has already exploited their design principles to allow for multifunctional mechanics and dynamic processes in the cell nucleus [15] [16] [17] , cytoskeleton [9, 18, 19] and extracellular matrix [9, 20] . As such, while understanding the design principles of polymer composites is important for synthetic applications [21, 22] , it also directly informs complex biological networks and paves the way for new biomimetic materials [2] .
Inspired by all this, we designed a suite of entangled solutions of flexible DNA (persistence length l p 50 nm) and semiflexible actin filaments (l p 10 µm) with physical properties that can be tuned over a wide parameter space. These two ubiquitous biopolymers have been separately studied extensively as model flexible and semiflexible polymer systems to elucidate questions in polymer physics and engineering [23] [24] [25] . These studies have shed important light on our understanding of entangled polymers and the tube models used to describe them [26] [27] [28] [29] . Yet, there is limited knowledge on how composites of these two iconic biopolymers behave [30] [31] [32] . Here, we tackle the vast multi-dimensional parameter space of our previously introduced custom-engineered actin-DNA composites to elucidate the role that DNA length, number of entanglements, and dynamics play in their emergent rheological properties. Our combined numerical and experimental approach -coupling large-scale Brownian Dynamics simulations with optical tweezers microrheology measurements -is uniquely positioned to characterise the rich physics underlying the mechanics of biopolymer composites and it serves as proof of principle for precision design of next generation polymer composites.
We choose to fix the total polymer concentration of our composites to a unique value (c = 0.8 mg/ml) in which the entanglement timescales and tube diameters of both single-component systems (DNA or actin) are matched, such that the principle lengthscales and timescales of the system remain fixed as we vary the relative concentrations or lengths of the two components. We explore a wide parameter space of composite design by indepen-dently varying the the DNA contour length L DN A over 2 orders of magnitude and the mass fraction of actin φ A = c actin /c from 0 to 1. We map how the rheological properties of the resulting composites are tuned by these design parameters, and our simulations reveal the macromolecular interactions that govern the observed emergent properties.
Importantly, we recently discovered that these composites exhibit unique viscoelastic properties that depend non-monotonically on the actin fraction φ A [32] . Yet, how their mechanical behaviour depends on the myriad of other tunable system parameters, such as polymer length and number of entanglements, remains unknown. In particular, one may expect that increasing the length of the flexible species -and thus the total number of entanglements in the system -would undoubtedly increase the elastic response of the composite. However, here we report computational and experimental evidence rebutting this naive expectation.
Both our simulations and experiments unambiguously demonstrate that the previously discovered stress stiffening is surprisingly most pronounced in composites in which the number of entanglements per chain is comparable between species. They further show that the existence of an optimum actin fraction for enhanced stressstiffening is broadly robust but can be tuned by changing the length of the flexible species. Finally, our large-scale simulations allow us to detect, for the first time, intriguing dynamical oscillations in the micro-structure of the composites which are likely important to understanding potential heterogeneities in the mechanical properties, or even failure [33] , of polymer composites.
Since our actin-DNA system is a generic model for any polymer network in which stiff and flexible components interact, our work uncovers the generic physics underlying the mechanical response of this broad class of materials -ubiquitous in biology as well as industry -and contributes to revealing their universal design principles.
More generally, we demonstrate a strategy to systematically and extensively characterise the parameter space of polymer composites, and explore in full their rich behaviours, through a combination of large-scale Brownian Dynamics simulations and optical tweezers experiments (see Fig. 1 ). This strategy can be applied to a wide range of polymer composites and biomimetic networks, and can therefore fast-track the discovery of desirable material properties in polymeric materials.
RESULTS

Polymer Composite Design and Physical Parameters
As described in the Introduction, we choose to fix the overall concentration of our composites to c = 0.8 mg/ml at which the entanglement tube diameter a and entanglement time τ e for solutions of only DNA or actin are matched [32] . This allows us to tune the relative concentrations of flexible polymers (DNA, l p 50 nm) and semiflexible ones (actin, l p 10 µm), as well as the length of the flexible component, while preserving key polymer physics quantities. Moreover, this concentration is above the entanglement concentration for both polymers but below the concentration in which actin displays nematic ordering [30, 34, 35] . We chose to use DNA lengths of L DN A = 3.67, 38, 96 µm which correspond to primitive path lengths, or tube lengths, of L 0,DN A 0.5, 5, 12 µm [34, 36] . For semiflexible actin filaments L 0,actin L actin and in all composites L actin 7µm independent of φ A and L DN A . Thus, L 0,DN A spans from ∼ 10× below to ∼ 2× above L 0,actin . The number of entanglements per DNA chain Z DN A likewise scales with L 0,DN A .
The key lengthscale governing dynamics of entangled polymers is the tube diameter a. For flexible chains the tube diameter is a f lex = (2l p l f lex e ) 1/2 , where l f lex e = 4cRT /5G 0 M bp is the polymer length between entanglements, G 0 is the plateau modulus [36, 37] , and M bp = 650g/mol. Using experimental values for G 0 [23, 38] we compute the tube diameter for DNA in our composites as a f lex 0.64 µm.For semiflexible polymers such as actin a semif lex l
, where ξ = 0.3/ √ c is the mesh size [26, 34, 39, 40] . Using this expression we compute a semif lex 0.66 µm for actin in our composites, purposefully nearly matched to the tube diameter for DNA. It should be noted that since l p and c are fixed the two entanglement lengths remain constant for all values of φ A .
The key timescale governing the onset of entanglement effects in polymer systems is the entanglement time τ e , defined as the time required to relax one entanglement length of the polymer [37] . For flexible chains τ
where R g and D are the radius of gyration and diffusion coefficients in dilute conditions (experimentally computed for DNA in Ref. [41] ). Because R g D is independent of polymer length, for all L DN A considered here τ f lex e 0.04 s. Actin filaments in our system have a similar value of τ semif lex e = βζξ 16/5 l −1/5 p 0.05 s where β = 1/k B T and ζ is the friction coefficient [26, 35] .
While a and τ e are independent of DNA length, the key relevant parameter that can be tuned by L DN A is the number of entanglements per DNA chain Z DN A = L 0,DN A /a f lex , which takes values of ∼1, 10 and 22 for the three chosen DNA lengths. Because Z actin 10 for all composites -as l semif lex e depends only on l p and c which are fixed -the entanglement ratio ZR = Z DN A /Z actin is ∼0.1, 1, and 2.3 for the three DNA lengths used here. Note that the composites in which L DN A = 39 µm are the ones in which the number of entanglements per chain is the same for both polymer species, i.e. Z DN A Z actin or ZR 1. Comprehensive approach to the design and characterization of polymer composites. A We design polymer composites using varying mass ratios of polymers with different flexibilities and lengths. B Snapshots from BD simulations of an array of DNA-actin composites, exploring a 2-dimensional parameter space in which LDNA and φA(= cactin/c) are varied. We show representative images for φA = 0.25, 0.5, 0.75 and LDNA = 3.67, 39, 96 µm. C For each of the values of LDNA and φA shown in B, we experimentally realise the composite and perform nonlinear optical tweezers microrheology measurements. In these experiments, an optically trapped microsphere (4.5-µm diameter) embedded in the composite is displaced 30 µm (blue) at 20 µm/s. The force (black) is measured before (equilibrium), during (strain) and after (relaxation) the bead displacement.
Stress Relaxation of Polymer Composites
In order to predict the mechanical and structural properties of the composites, we perform large-scale Brownian Dynamics (BD) simulations of a coarse-grained model. Specifically, we consider a mix of bead-spring chains in which each bead represents a segment of DNA or actin. We choose a coarse-grain level at which each polymer bead is 25 nm, equivalent to half the DNA persistence length and 9.2 actin monomers (see Materials and Methods). Similar coarse-grained models for DNA and actin have been employed in the literature [32, 40] and have been shown to well capture the dynamics of experimental systems.
From the simulations, we first extract the stress relaxation modulus G(t) [37] , which we obtain from the stress tensor σ ab defined as
where a, b are the Cartesian components, m is the mass of the bead, v its velocity, F the force between beads, r their distance, V the volume of the system, and k, i, j running over all beads in the system. The stress tensor is pre-averaged for t a = 100 integration steps , i.e.σ ab (t) = ta/2 dt=−ta/2+1 σ ab (t + dt), and the auto-correlation function computed on the fly using a multi-tau algorithm [42] , finally giving the stress auto-correlation as G ab (t) = V σ ab (t)σ ab (0) /k B T . The stress relaxation modulus is then obtained by averaging its out-of-diagonal components, i.e. G(t) 2 /D is the definition of a Brownian time and the time-unit of our simulations, σ is the size of a bead and D its diffusion constant). This timescale, which appears to play a critical role in dynamics, is remarkably close to the entanglement time of both polymer species (τ semif lex e τ f lex e 0.04 s), suggesting that entanglements play a key role in the emergent behavior that we observe. We thus conjecture that varying the number of entanglements per chain and thus the mutual entanglements of the two polymer species (by varying L DN A and thus ZR) may play an important role in the mechanics. We discuss this phenomenon further below.
For pure solutions of short DNA (φ A = 0, L DN A = 3.67 µm, Z DN A 1) we observe G(t) ∼ t −1/2 , in agreement with the Rouse behaviour of poorly entangled chains [43] , whereas we find G(t) ∼ t entangled DNA [23, 32] . Conversely, pure actin networks (φ A = 1) display an initial decay of G(t) ∼ t −1 , in between t −2/3 and t −5/4 predicted in Ref. [44] . Collectively, these results demonstrate the validity of our simulations in capturing the dynamics of real DNA and actin systems.
Upon mixing DNA and actin (0 < φ A < 1), we observe emergent mechanics. Composites with all three L DN A display elastic plateaus for t > 0.04 s that are not seen in either single-component network (φ A = 0 or 1). This signature of elastic behaviour and stiffness is most apparent for the composite with ZR 1 and φ A = 0.5 (Fig. 2B) . There is also a notable plateau for ZR 0.1 and φ A = 0.75 and a weaker one for ZR 2.2 and φ A = 0.25 ( Fig. 2A,C) . The dependence of the elastic response on L DN A can be seen more clearly in Fig. 2D-F ) which shows that as φ A increases the DNA length required for composites to exhibit the strongest plateau decreases. Further, the composites that display the weakest φ A -dependent plateaus are surprisingly those with the longest DNA chains and thus the largest number of entanglements per chain (Z DN A 22). This is a priori unexpected, as one may argue that longer DNA molecules increase the total entanglements in the system and hence should yield larger network stiffening.
From G(t) we can extract the zero-shear viscosity [37, 45] , i.e.
which is a measure of the resistance of each composite to infinitely small shearing. As shown in Fig. 3 , η readily reflects a non-monotonic dependence on φ A , as well as sensitivity to Z DN A . As with the elastic plateau in G(t), the zero-shear viscosity attains its global maximum for (ZR, φ A ) = (∼1, 0.5), and displays other maxima for (ZR, φ A ) = (∼ 0.1, 0.75) and (ZR, Zero-shear viscosity exhibits a nonmonotonic dependence on mass composition. A Zeroshear viscosity η (see eq. (2)) as a function of φA for varying ZR (and LDNA) values shown in legend. B Zero-shear viscosity shown in A normalized by the corresponding φA=0 value, η/η(φA = 0). C-D Heat map of η over the full parameter space determined via numerical interpolation of our 5x3 (ZR, φA) data points shown in A, B and plotted on linear (C) and log (D) scales. C shows a clear maximum at (ZR,φA) = (∼1, 0.5), and D highlights the inverse relationship between ZR and φA, namely as ZR increases the optimum φA at which the composites display the largest viscosity decreases.
2.2, 0.25).
Further, in line with the behaviour of G(t), the non-monotonic φ A -dependence is weakest for the longest DNA, with the maximum value reached close to that for φ A = 0.
To fully map the phase space of composite elasticity and stiffness, we linearly interpolate the 5x3 simulated data points and plot as a heat-map ( Fig. 3C-D) . As shown, one can clearly notice a marked maximum in viscosity when actin and DNA are perfectly balanced, i.e. Z DN A Z actin and φ DN A = φ actin . Fig. 3D also highlights that, as L DN A increases, the enhanced stiffening behaviour shifts to lower φ A values (as also seen in Fig. 2C-F) .
These results not only confirm the important role that synergistic interactions play in the elasticity of the biopolymer composites [32] , but also demonstrate that composites can be designed to display a wide range of mechanical properties by independently tuning the length of the flexible species (i.e. L DN A ) and mass composition (i.e. φ A ). In particular, we discover that the optimum mass composition to achieve maximum stiffening can be adjusted via the length of the flexible species. At the same time, the strength of the response has an unexpected dependence on the number of entanglements as it displays a maximum when the number of entanglements of the two species is comparable rather than largest.
Entropy of Mixing Quantifies Composite Macrostructure
To shed light on the mechanical properties described above we turn to characterizing the macro-and microscopic arrangements of DNA and actin polymers comprising the composites.
The de-mixing, or phase separation, of a system made of i = 1, . . . , M types of monomers can be quantified by computing the Shannon entropy (i.e. entropy of mixing) [46] 
In the previous equation, we tile the system with N b boxes and define
as the mole (or number) fraction of particles of type i in box b. The Shannon entropy is the average of S(b) over all the boxes tiling the system, i.e.
The maximum value S max is attained when the system is fully mixed, i.e. Figure 4 . De-mixing of polymer composites, captured by the Shannon Entropy, depends non-monotonically on φA. Shannon entropy S sh averaged over the whole simulation time and divided by the corresponding maximum attainable value Smax for each (ZR, φA). As shown, the maximum entropy, corresponding to the least amount of de-mixing, is achieved at φA = 0.5 for all ZR values.
instance, in the case of a symmetric binary fluid, S max = − log 0.5 0.69; instead, in this work we consider two types of monomers -those belonging to DNA or actin -at varying relative concentrations, and we thus have a composition dependent maximum entropy, i.e.
Deviations from the fully mixed state can thus be reported and compared across conditions via the ratio S sh /S max , as shown in Fig. 4 where we plot the timeaverage of S sh /S max for different values of φ A and ZR. As shown, deviations from the fully mixed state are typically of the order to 10-20%. In other words, while some de-mixing occurs within the system, the two polymer species are still largely interacting with one another, in contrast to the macro-scale phase separation reported in other actin-DNA systems in which much higher concentrations and/or micro-scale confinement are used [30, 31] . Another surprising feature is that the minimum deviation from S max is found for φ A = 0.5, which is the same actin fraction that exhibits the most extreme elastic response. While emergent behavior in composite systems is often attributed to large-scale phase separation, these notable results indicate that it is the mixing of the two species that enables the most pronounced emergent behavior. It should be noted that we expect these results to qualitatively hold even if choosing different sizes of boxes and ways to tile our system (in this case we chose to use 512 boxes for a system of size L = 100σ).
Finally, we highlight that the instantaneous, i.e. timedependent, Shannon entropy for the composites displays fluctuations in time which are indicative of dynamical rearrangements of the composites micro-structure (Fig. 5A-C) . These small-scale reorganizations have not been previously reported in polymer composites as they elude the spatiotemporal resolution that can be achieved with current experimental approaches. As such, we characterise this novel phenomenon in more detail in the next section.
Transient Aggregation and Nematic Bundling Characterise the Composite Microstructure
The micro-scale organisation of the composite can be quantified by computing the radial distribution function (RDF) for monomers belonging to DNA and/or actin polymers, i.e.
where r x,i is the position of bead i belonging to polymer species x (with x = {A, D} for either actin or DNA) and the average is taken over time and monomers. This quantity measures the probability of observing two beads of types x and y to be found at distance r from each other. We normalise with respect to the expected uniform behaviour to get
where dr is the thickness of the spherical shell used to partition the region into bins and ρ y is the monomer density of species y. For a purely uniform and random distribution of monomers, g x,y (r) increases monotonically from 0 to 1 over a lengthscale dictated by the average spacing between monomers. On the contrary, aggregation causes the RDF to display a peak at short lengthscales.
A similar quantity that is useful in the following is the nematic correlation function (NCF) which we here define as
= I J>I i∈I
.
In this equation, the indexes I, J run over actin polymers while i, j run over the beads on the polymers and t i denotes the tangent to bead i along the backbone. The absolute value is taken to record nematic ordering, i.e. irrespective of orientation of the tangents; it is zero if the segments are orthogonal and unity if parallel. The value of the dot product is recorded to occur at distance r between the two beads i and j. Finally, we normalise by the radial distribution function to account for local variations in density of monomers. In the isotropic case, all the pairs display random orientation and hence the equation above is equivalent to averaging over numbers uniformly distributed between 0 and 1, i.e. Π(r) = 1/2. Values Π A,A (r) > 1/2 at short distances suggest nematic alignment and bundling of actin filaments. At this stage we should recall that S sh /S max fluctuates in time (Fig. 5A-C) . Thus, we refrain from computing RDF and NCF curves averaged over the whole simulation and instead calculate eq. (6) within short time windows (20 10 4 τ B time steps) that are long enough to give us good averages but short enough to characterise transient structures. Each of these curves can be mapped to a short time-window in the trajectory of S sh (t)/S max (Fig. 5A -C) and can therefore inform us on transient micro-scale structures assumed by the polymer species.
In Fig. 5D -F we show RDF and NCF curves for actinactin monomers, i.e. g A,A (r/L) and Π A,A (r/L). We identify two main behaviours: (i) RDFs and NCFs with peaks at short distances, which correspond to minima of S sh /S max and thus indicate partially demixed phases with actin bundling; and (ii) RDFs and NCFs curves with weak or absent peaks, corresponding to maxima of the Shannon entropy and thus largely mixed phases. These micro-scale structures alternate in time suggesting dynamic arrangements of the polymer species within the composite. On the other hand, DNA-DNA and actin-DNA RDFs, i.e. g D,D (r/L) and g D,A (r/L), display a monotonic increase to unity for all composites and timewindows, indicating that (iii) DNA is uniformly distributed throughout the composite and (iv) DNA and actin polymers are co-entangled and interacting.
Moreover, the degree of actin bundling (i.e. the strength of the peaks and the lengthscale over which they persist) depends on both φ A and ZR. We find that the bundling is strongest (largest peaks) for the longest DNA for all φ A values, and decreases with decreasing L DN A . This short-scale aggregation, which leads to an increase of the stiffness of actin fibers (comprised of several filaments when bundled) is likely a key driving force behind the increased elasticity that composites exhibit (Figs. 2  and 3) . However, the degree of bundling does not directly correlate with the increased elasticity: while the longest DNA (ZR 2.2) and lowest φ A values display the most pronounced peaks in g A,A and Π A,A -indicating the most extreme actin bundling -it is in fact the intermediate DNA length (ZR 1) and φ A = 0.5 that displays the strongest increase in elasticity.
To shed more light on this complex relationship between structure and mechanics, we extract quantitative parameters from the RDF and NCF curves to characterize the composite micro-structure. For instance, the location of the RDF maximum, r a , is a measure of inter-actin spacing in bundles whereas the decay of the NCF curves to 1/2, r b , measures the lengthscale of alignment or the size of the bundle [32] . These values, along with the interfilament spacing for a fully-mixed system, l f , are reported in Table 6 . The ratio r b /r a is a crude measure of the number of filaments in a bundle, while r a /l f indicates the degree to which actin in bundles is packed beyond uniform spacing. As shown, for all DNA lengths, r b /r a is maximum when φ A = 0.5, indicating that the stiffer bundles formed by more filaments play an important role in the composite stiffness (recall that φ A = 0.5 is where a maximum in stiffness is observed). For r a /l f > 1 indicates weak bundling as filaments within bundles are no closer together than when they are uniformly distributed. Conversely, for r a /l f < 1 actin filaments within bundles are driven closer together than l f , likely forcing connections between bundles to be broken and thus weakening the actin scaffold as a whole. Thus, we conjecture that maximizing composite stiffness requires r a l f , which is achieved for (ZR, φ A ) = (∼ 1, 0.5). Table 6 . Key lengthscales of actin bundling computed from gA,A(r) and ΠA,A(r). For each ZR and φA value the following parameters are computed in units of simulation bead size σ: (i) The average free space between actin beads in a uniformly mixed system l f = ρ −1/3 ; (ii) the position ra of the maximum of gA,A(r) for de-mixed states, indicating the interfilament spacing within bundles; and (iii) the decay length r b of the nematic parameter ΠA,A(r) for de-mixed states, indicating the size of bundles. The ratio r b /ra is a measure of the number of filaments in a bundle and ra/l f measures how closely packed filaments in bundles are compared to filaments in uniformly mixed states.
In summary, in this section we have shown that it is not only the balance between actin bundling and connectivity that drives the increase in stress stiffening but also the coupling of the number of entanglements along each chain of flexible and stiff species. Furthermore, we have provided fresh computational evidence of substantial microscale dynamics and rearrangements within the composites. These rearrangements are, to the best of our knowledge, not documented in the literature in any composite material and thus prompt the design of new experiments to address them in the future. At present, it is difficult to characterise the macroscopic consequences of these microscale fluctuations because the measurement of stress relaxation in simulations must be averaged over several decades in time and thus encompasses the timescale of structural rearrangement. Thus, we limit ourselves to speculate that there may be a connection between these sudden dynamics and mechanical failure in soft materials. Indeed, it has been observed that peculiar dynamics, such as reversible particle displacements, irreversible rearrangements and heterogeneities often precede network failure [33] . Future avenues to characterize the mechanical implications of such rearrangements are discussed below.
Optical Tweezers Microrheology
To validate our predicted design principles and to extend our understanding of these complex fluids beyond the equilibrium behaviour, we experimentally realize our designed composites and perform nonlinear optical tweezers microrheology measurements (see Materials and Methods). We choose to perform nonlinear measurements (i.e. large strains and rates) to complement the simulated linear rheology and to test the robustness of actin bundling to strain, as simulations suggest that bundling is relatively weak (few filaments per bundle, only modest demixing).
In our experiments, a microsphere is optically displaced 30 µm (> 4× L actin ) through the composite at 20 µm/s (γ · 19.8s
e ) while the force F experienced by the bead during and after the displacement (strain) is recorded (Fig. 1C) . During the strain, force curves for all networks exhibit three distinct regimes with different functional dependence on the bead displacement x: an initial steep elastic response until t 1 0.04s, a shallower rise F ∼ x α1 until t 2 0.5s and a near viscous regime with F ∼ x α2 where α 2 → 0 (see Fig. 7A ). However, by normalising each force curve by its terminal value F t , a clear difference between composites (0 < φ A < 1) and pure systems (φ A = 0 or 1) emerges. All composites for each ZR collapse onto a single master curve with systematically larger scaling exponents compared to singlecomponent networks, indicative of a more elastic or stiff response. This non-monotonic dependence of α 1 and α 2 on φ A , shown in Fig. 7B ,C, is in broad support of our simulation results, as it demonstrates that composites confer more sustained elasticity compared to pure DNA and actin systems which have lower α 1 values and α 2 = 0 (i.e. purely viscous response). Figure 7 . Experimentally realized composites exhibit universal sustained elasticity in response to nonlinear forcing. A Force F as a function of bead displacement x and time t, normalized by the terminal value Ft, for DNA-actin composites of varying φA (indicated in legend). Each panel displays data for the DNA length indicated. Dashed lines denote times (t1, t2) at which curves crossover to different power-law regimes. Insets: Zoom-in of force near the end of strain. Scale bars show representative scaling exponents for composite systems (0 < φA < 1) . As shown, upon rescaling F by Ft composites display a universal response with more sustained elasticity (i.e. larger α1 and α2 values) than single-component networks. B-C Dependence of scaling exponents α1 (B) and α2 (C) on φA for different DNA lengths indicated in legends. As shown, composites universally exhibit stiffer, more elastic response (i.e. larger scaling exponents) than single-component networks.
To further quantify the increased elasticity or stiffness that composites exhibit, and to evaluate the initial response (t < t 1 ), we compute an effective differential modulus K = dF/dx. This quantity is a direct measure of the x-dependent stiffness or "spring constant" of a system. As shown in Fig. 8 , in which K is normalized by the corresponding initial value K 0 ≡ K(t = 0), all systems initially stiffen (dK/dx > 0) from a value K 0 to a maximum value K max , followed by softening (dK/dx < 0) and finally yielding (K → 0). However, the degree of stiffening (K max /K 0 ) as well as the time over which stiffness persists before yielding to more viscous response (i.e. yield time t y ) both depend non-monotonically on φ A , with similar features as seen in the simulated η curves (compare Fig. 8B-C with Fig. 3A-B) . Specifically, we find that K max /K 0 (φ A = 0) and t y reach global maxima for (ZR, φ A ) =(∼ 1, 0.5) and another maximum for (ZR, φ A ) =(∼ 0.1, 0.75). Further, composites comprised of the longest DNA (ZR 2.2) exhibit weaker non-monotonic dependence on φ A than for the other two DNA lengths, as seen in simulations (Fig. 3) . Further, while the yield times for single-component systems are close to the predicted entanglement time τ e 0.04 s, the measured t y for composites is notably higher, suggesting slower relaxation mechanisms and more mechanomemory.
To elucidate how composites relax stress imposed by nonlinear forcing, we measure how the force relaxes following the applied strain, as shown in Fig. 9 . As with the force response during strain, the force relaxations of composites (normalized by the initial value immediately following the strain) are notably distinct from those of Figure 8 . The degree of stress-stiffening in composites displays non-monotonic dependence on actin fraction. A Effective differential modulus K = dF/dx, normalized by the initial value K0 for varying φA (indicated in legend). Each panel displays data for the DNA length indicated. B The maximum differential modulus Kmax, normalized by K0, quantifies the degree to which composites stress-stiffen. As shown, stress-stiffening displays a non-monotonic dependence on φA for all DNA lengths (indicated in legend). Normalizing Kmax/K0 by the corresponding φA = 0 value for each DNA length shows that, while the signature non-monotonic dependence is evident for all DNA lengths, the degree of stiffening and the φA value at which maximum stiffening occurs depends on the DNA length. C The yield time, ty, quantified by the time at which K = K0/2e, quantifies the time over which composites lose initial elasticity and yield to a viscous regime. Note the nonmonotonic dependence on φA and the variation between different DNA lengths is markedly similar to the Kmax/K0(φA = 0) behavior shown in C. Thus, both stress-stiffening and sustained elasticity are similarly tuned by φA and ZR (or LDNA).
single-component systems. Composite systems display force "stalling", in which the imposed force does not dissipate, for times up to t 1 τ e , whereas single-component systems begin to relax force nearly immediately following strain (∼ 0.01 s). This signature of sustained elasticity (or mechano-memory) is in agreement with simulation results that show distinct elastic plateaus and increased viscosity that are not apparent in single-component systems. For t > t 1 , composites display power-law relaxation with scaling exponents β that are largely independent of L DN A and φ A , with an average value of β 0.6 s. Conversely, DNA and actin systems have weaker scaling exponents of ∼ 0.1 s and ∼ 0.3 s respectively. Thus, as shown in Fig. 9C the non-monotonic dependence of mechanics (in this case the scaling exponent β) on φ A is once again preserved.
In summary, our experimental results validate our simulations, showing that actin-DNA composites with DNA lengths that span 2 orders of magnitude all exhibit increased elasticity and stiffness compared to singlecomponent systems. They also confirm that the strength of stiffening, as well as the optimum mass composition to achieve maximum stress-stiffening, are tuned by the length of the flexible component. s It is notable that comparable micro-strains applied to entangled DNA systems and crosslinked actin networks of similar concentrations have been shown to be sufficient to disentangle DNA [36] and break actin crosslinkers [34] ; on the other hand, here we show that micro-scale bundling in composites is strong enough to withstand such forcing (as evidenced by the increased elasticity and stiffening response).
We further note that we see no signs of spatial or temporal heterogeneities in the force response despite simulations indicating dynamic bundling. In other words, our individual measurements taken at different locations Figure 9 . Unique force stalling and power-law force relaxation emerges in actin-DNA composites. ARelaxation of force F as a function of time t following strain, normalized by the corresponding force at t = 0, F0, for networks of varying φA (see legend). Each panel displays data for the DNA length indicated. Black lines indicate power laws, F ∼ t −β , with exponents listed. All composite networks (0 < φA < 1) display an initial period of no relaxation (i.e. stalling) until t1 0.04 s (dashed line), after which power-law relaxation ensues with β 0.6, independent of DNA length. Conversely, single-component networks exhibit near immediate relaxation (t < 0.02 s), with an initial fast decay until t1 followed by more shallow power-law decays of βDNA 0.1 and βactin 0.4. B Stalling time, determined as the time at which F drops to 0.9F0, as a function of φA for all ZR values. As shown, composites universally display sustained mechano-memory compared to single-component networks. C Scaling exponent β as a function of φA for all ZR values, displaying the signature non-monotonic dependence on φA.
within the sample and at different points in time all display similar force curves. This may be because the bead employed is large compared with the scale of these rearrangements or because the nonlinear forcing disrupts these subtle dynamics. While outside the scope of the current study, our future work will focus on systematically investigating the dynamic nature of composite structure that simulations predict, and the role that such activity may play in experimentally realized material properties.
Theoretical Arguments to Explain Composite Behaviour
The bundling of actin reported above can be readily explained through theoretical arguments. While in our simulations DNA polymers are effectively flexible (l p = 2σ L DN A ), actin polymers have a persistence length larger than their contour length (L ACT ) and diameter (σ), implying that they behave like nearly rigid rods with large aspect ratio α = L ACT /σ = 280. Attraction of large rigid bodies due to smaller particles or non-adsorbing polymer coils was first discovered by Asakura and Oosawa [47] and then extended to a mixture of polymer coils and rigid rods by Flory [48] , who also predicted a change in the isotropic-nematic crossover concentration for such a mixture with respect to the pure solution of rigid rods, which instead follows Onsager's theory [49] . Later theoretical and numerical studies further investigated these mixtures through thermodynamic perturbation theory [50] and Monte Carlo simulations [51] .
Within the generalised Asakura-Oosawa framework, polymer coils are assumed to be smaller than the diameter of the rod-like colloids (in our case σ) and thus excluded from a corona of thickness R g . A key parameter regulating the range of the depletion-attraction is thus q = R g /σ which is generally taken to be q < 1. However, our simulations and experiments are in the regime q > 1 for all DNA lengths (R g /σ 10, 33, 43), so we should instead view the problem in terms of the (entropic) cost of inserting a thin rod within a coil of size R g .
Since our actin filaments have a very large aspect ratio (L ACT /σ = 280 R g /σ) we can disregard end-effects and estimate such insertion free energy as the sum of L ACT /σ free energies required for inserting a spherical particle of size σ within a polymer coil. When the solution of flexible polymers is below the overlap concentration (c < c * ) this can be estimated as [52, 53] . Because we are in the limit in which the actin fibres are longer than one DNA coil, then this contribution needs to be multiplied by the volume fraction occupied by DNA in the system, i.e.
where c DN A is the density of DNA polymers in solution.
In the strongly overlapping regime (c c * ), the relevant length scale is the mesh size ξ which also sets the osmotic pressure Π ∼ k B T /ξ 3 [52] . The free energy is then the volume of the particle to be inserted times the osmotic pressure of the entangled network of DNA, i.e.
where we made use of the fact that ξ ∼ c −3/4 DN A [52] . Eqs. (8)- (9) tell us that in both regimes the free energy cost of inserting an infinitely long thin rigid rod within a solution of polymer coils scales with the concentration of flexible polymer segments. This is indeed what we observe in Fig. 5 : bundling increases, i.e. larger g A,A (r) peaks, as φ A decreases (c DN A increases) because the free energy cost of actin mixing with DNA becomes increasingly large. We also observe that the peaks for the composites with the two longest DNAs are comparable to one another while the shortest DNA exhibits smaller g A,A (r) peaks. We argue that this arises because our two longer DNAs are well within the overlapping regime (c * 0.025 and 0.01 mg/ml) [41, 54] , and Eq. (9) tells us that in this regime we should indeed see minimal R g dependence. However, the shortest DNA is in a concentration regime in between those for which Eqs. (8) and (9) are valid, with c * 0.13 mg/ml (or c/c * 1 − 6), so we expect actin bundling to depend on R g as well as c DN A . Additionally, in this less entangled regime we expect the g A,A (r) curves to depend on DNA's R g and therefore L DN A , as observed in Fig. 5 . We argue that, generally speaking, contributions from c DN A (and thus φ A ) as well as R g (and thus L DN A ) may play a role in depleting actin filaments from within DNA coils and in turn drive actin bundling in DNA-actin composites.
DISCUSSION AND CONCLUSIONS
Polymer composites are formidable complex fluids that are found in both synthetic and natural settings. Deeper understanding of naturally occurring polymer composites as well as the design of futuristic synthetic biomimetic materials require precise knowledge and characterisation of their complex rheological behaviour. In this work we have coupled extensive large-scale Brownian Dynamics simulations with optical tweezers microrheology measurements to investigate the linear and nonlinear mechanical properties of carefully designed blends of DNA and actin polymers. We chose to fix the total mass concentration to a value at which key intrinsic lengthscales of the two species, such as tube radius, are matched. This strategy allows us to reduce the dimensionality of the parameter space and to isolate the effects of DNA length and mass composition on the material properties. Importantly, this strategy also allows us to preserve the entanglement length, and in turn keep the number of entanglements per polymer (actin or DNA) constant when varying mass composition.
One would expect that the mechanical resilience and ability to stress-stiffening would strengthen as the length of the flexible species (i.e. DNA) -and thus the overall entanglement of each chain -is increased. Surprisingly, our computational and experimental results rebuff this hypothesis and instead show that maximal stressstiffening is achieved when the two species are maximally coupled, i.e. have similar number of entanglements per chain. Our results reinforce the idea that, in composites, the whole is more than the sum of its parts and more is not always better. As such, emergent properties due to non-trivial structural arrangements and physical interactions between species need to be fully characterised in order to drive the discovery and design of the next generation of materials.
To this end, we take advantage of our large-scale BD simulations (run on a supercomputer for the equivalent of about 46 years on a single CPU) to measure precise structural properties of the internal polymer arrangements while monitoring the rheological behaviour of the bulk. While the stress relaxation and viscosity obtained from the simulations (Fig. 2) are in broad agreement with experimental microrheology results (Fig. 7-9 ), our simulations also reveal that the composites undergo unexpected dynamic rearrangements, alternating between partially demixed and mixed states (Fig. 5) . To the best of our knowledge, these rearrangements have not been documented before in any composite system. While their impact on the mechanical properties of our composites cannot be precisely quantified with our current computational and experimental approaches, we expect this intriguing finding to spur future investigations to connect these dynamics to the stochastic behaviour and mechanical failures in soft composite materials [33] .
The partially demixed state is characterised by bundling of actin fibres which can be explained by simple theoretical arguments and generalisations of the Asakura-Oosawa model for depletion-induced attraction. This phenomenon is entropically driven by DNA and leads to stiffening of the actin network which acts as a scaffold for the more flexible DNA network. However, stronger actin bundling does not simply map to a stiffer mechanical response, as seen in the different behaviours of bundling and elasticity as a function of ZR and φ A (Figs. 2 and 5 ). In particular, while the longest DNA and lowest actin fraction lead to the most pronounced bundling, it is intermediate values of both parameters that confer the most elastic response.
Within the actin-devoid gaps in the composites (which are larger with more bundling), only DNA can contribute to the mechanical response, so the degree of DNA entanglements (i.e. Z DN A ) must then play a major role in the mechanical response. In particular, the longest DNA molecules considered here (Z DN A 22) are wellentangled and therefore can provide structural stability to the material. For this reason the non-monotonic dependence of mechanics on φ A is weakest for this DNA length. Conversely, the shortest DNA (Z DN A 1) is not entangled enough to provide rigidity without an actin scaffold, so the non-monotonic dependence peaks at higher φ A values than the longer DNA. It is only for the intermediate length of DNA (Z DN A 10), in which the number of entanglements per chain for DNA and actin are closely matched (ZR = Z DN A /Z actin 1), that there are sufficient DNA entanglements to provide some structural support in regions void of actin; yet, they are still relatively weak such that entanglements between DNA and actin fibers are necessary for enhanced stiffness and elasticity.
In summary, our collective approach and results elucidate important and a priori unexpected physical principles for the design of composites made of flexible and rigid polymers. Intriguingly, these systems are found to be tunable yet robust at the same time. They are robust because they display a non-monotonic dependence of the mechanical response on the mass composition that is broadly preserved across the entire parameter space probed. They are tunable because the details, such as the amplitude of the non-monotonic response, degree of actin bundling, and mass composition at which maximal elasticity is achieved, can be altered by varying the length of the flexible species.
The most important and surprising finding of this work is that composites in which the two polymer species are maximally coupled, rather than maximally entangled, yield the most pronounced stress stiffening and elasticity. Our results -which reveal previously unappreciated physical phenomena at play in composite systems such as micro-scale phase separation, dynamical rearrangements and competition between bundling and pervasivenessfurther elucidate the interactions between distinct polymer species in naturally occurring and biomimetic polymer composites and pave the way for the systematic design of next-generation multi-functional composite materials.
MATERIALS AND METHODS
Simulations
A. Computational Details DNA and actin filaments are simulated as coarse-grained Kremer-Grest bead-spring polymers [55, 56] 
where r denotes the separation between the bead centers. The cutoff distance r c = 2 1/6 σ is chosen so that only the repulsion part of the Lennard-Jones is used. The energy scale is set by = k B T . Consecutive monomers along the polymers are connected through finitely extensible nonlinear elastic (FENE) springs:
where k = 30 /σ 2 is the spring constant and R 0 = 1.5σ is the maximum extension of the FENE bond. To model the different rigidity of DNA and actin, we introduce an additional bending energy penalty between consecutive triplets of neighbouring beads along the chain:
where θ is the angle formed by consecutive bonds. The persistence length is l p (DNA) = 2σ = 50 nm for DNA and l p (actin) = 400σ = 10 µm for actin.
The motion of each bead is evolved through a Langevin equation
with friction ζ = 3πησ, Gaussian white noise f satisfying the fluctuation-dissipation theorem and temperature T in LAMMPS [57] . Using the viscosity of water η = 1cP the typical diffusion time of a bead is τ B = σ 2 /D = 3πησ 3 /k B T 0.04 ms and the total simulation runtime can reach up to 10 7 τ B 400 seconds. B. System Parameters We consider DNA molecules with contour lengths L DN A = 3.67, 39, 96 µm and actin polymers with contour length L(actin) = 7 µm The total concentration is set to c = 0.8 mg/ml and we vary the relative fraction of actin φ A = c actin /c = 0, 0.25, 0.5, 0.75, 1. All of the systems with φ A = 1 are independent realisations of the same system of entangled actin. It should be noted that each polymer bead (σ = 25 nm) represents either 75 DNA base-pairs or 9.2 actin monomers and that the molecular weight of one DNA bp is 650 g/mol whereas that one of an actin monomers is 42000 g/mol. This implies that a different mass is effectively represented by one DNA bead and one actin bead in our simulations: more specifically each actin bead weighs about 8 times a DNA bead (= (9.2 × 42 kDa)/(75 × 650 Da)). Yet, in our simulations the dynamics is overdamped after few integration time-steps so we do not expect the mass (inertia) of the beads to have an effect on the dynamics in either simulations or the real systems. The simulations are performed in boxes of fixed size L = 100σ = 2.5 µm, and because of the different in bead mass and fixed mass concentration there is a variation in the total number of beads: the 100% DNA solution has ∼153,300 beads whereas the system with 100% actin has ∼19'040 beads. The mixed cases have intermediate values.
For the production runs (after equilibration), we run 3 DNA lengths and 5 conditions for ∼5 weeks on a 32 CPU computer, totalling at ∼0.5M CPU-h or 46 years on a single CPU machine.
C. Equilibration The polymers are initialised as perfectly flexible random walks within a box of size L = 100σ = 2.5µm. Each system is then equilibrated, i.e. a full MD simulation is performed until the mean square displacement (MSD) of the centre of mass of the polymers have travelled at least once their typical size, measured as the gyration radius R g . Also, R g is monitored and checked to have reached steady state before starting the production run. By inspecting the conformations of actin filaments at equilibrium we have also checked that they do not frequently interact with their own tail albeit being longer (7µm) than the simulation box (2.5 µm). This is because they are not treated as rigid rods but as semiflexible chains thus allowing for some (small) bending. It should be noted that the calculation of the radial distribution function (RDF) and nematic correlation function (NCF) purposely avoid accounting for beads belonging to the same chain and thus the peaks in RDF and NCF are genuinely formed by different chains that come together in bundles. . Linear double-stranded DNA of lengths 11 kbp (3.67 µm), 115 kbp (39 µm) and 289 kbp (96 µm) were prepared via replication of supercoiled plasmids (11 kbp) and bacterial artificial chromosomes (BACs, 115, 289 kbp) in Escherichia coli, followed by extraction, purification and enzymatic linearization as described previously [9] . BamHI and Mlu1 (New England Biolabs) were used to linearize the plasmid and BACs respectively. Following linearization, DNA was dialyzed into G-buffer and stored at 4 o C. Carboxylated polystyrene microspheres (Polysciences), of diameter d = 4.5 µm, were coated with Alexa-488-BSA, as previously described [10] , to inhibit binding interactions with the polymers and visualize beads during measurements. The capping protein gelsolin, which was used to control the actin filament length, was stored at −80 o C in [10 mM Tris pH 7.5, 10 mM NaCl, 0.1 mM MgCl2, 1% (w/v) sucrose, 0.1% (w/v) dextran].
B. Sample Preparation: For experiments, actin monomers, DNA, and a trace amount of microspheres were mixed in P-buffer [10 mM Tris pH 7.5, 50 mM KCl, 2 mM MgCl 2 , 1 mM ATP] for a final polymer concentration of 0.8 mg/ml. P-buffer provides good solvent conditions such that DNA assumes swollen random coil configurations [41] . Semiflexible actin filaments assume extended configurations. Gelsolin was added at a concentration needed to cap actin filaments to L = 7 µm, using the relationship L = (330R GA ) −1 where R GA is the molar ratio of gelsolin to actin [11] . This mixture was pipetted into a 100-µm thick sample chamber comprised of a microscope slide, ∼100 µm layer of double-sided tape, and a glass coverslip to accommodate a 20 µL sample. The chamber was sealed with epoxy and the sample was allowed to polymerize and equilibrate for 30 min before measurement. Following the 30 min equilibration period, the composites displayed no signs of aging over a 24 hour period.
We note that the presented data is for composites in which actin monomers were polymerized in the sample chamber in the presence of DNA. As crowding effects of the DNA could conceivably affect the polymerization efficiency and final length of the actin filaments, we also performed control experiments in which actin was polymerized and capped prior to mixing with the DNA and loading into the sample chamber. There were no statistically significant differences between results from both preparations. Because DNA and actin are both biological polymers with stability that is temperaturedependent, we did not investigate the temperature dependence of our results. Temperatures above 37
• C can compromise the stability of the polymers and temperatures below room temperature can inhibit actin polymerization. However, within the usable temperature range, we do not expect the dependence of the mechanical response on DNA length and actin fraction to change.
Finally, we note that both actin and DNA are polyelectrolytes so their interactions could be both entropic and enthalpic. However, based on our previous work on entangled single-component solutions of DNA and actin [34, 36, 41, 58] we assume the interactions to be largely entropic. Specifically, we have shown that similar ionic conditions are sufficient to screen the negative charge of DNA such that it can be treated as a neutral polymer with a salt-dependent effective diameter [41] . Further, both single-component systems have been shown to display dynamics that are in indicative of entangled neutral polymers with no signs of charge effects. Finally, we have also shown that the diffusion and conformations of DNA molecules under crowding conditions are entropically rather than enthalpically driven [59] [60] [61] . As such, we model both DNA and actin as neutral polymers with purely steric interactions.
C. Microrheology Measurements:
We applied microscale strains to the composites by using an optical trap and a piezoelectric nanopositioning stage to drag a microsphere through the composite (see Fig. 1B ). The custom-built force-measuring trap was formed by a 1064 nm Nd:YAG fiber laser focused with a 60x 1.4 NA objective. The optical trap construction and its calibration for precision force measurements and bead displacements have been reported previously [3, 12] . During each measurement, a microsphere embedded in the composite was displaced 30 µm at a speed of 20 µm/s. The resulting force the composite exerted on the trapped bead was measured before (5 s), during (1.5 s) and after (20 s) the bead displacement using a position sensing detector to measure the exiting laser deflection, which is proportional to the force [3] (Fig. 1B) . Laser deflection and stage position were recorded at a rate of 20 kHz. Custom-written LabView and MATLAB scripts were used to execute the experiments, collect force and stage position data, and analyze the data. For each composite, 20 different measurements were carried out using different microspheres in different regions of the composite. All data presented are ensemble averages of the individual measurements for each composite.
